Geometric phases in condensed matter play a central role in topological transport phenomena such as the quantum, spin and anomalous Hall effect (AHE) [1] [2] [3] [4] [5] . In contrast to the quantum Hall effect-which is characterized by a topological invariant and robust against perturbationsthe AHE depends on the Berry curvature of occupied bands at the Fermi level and is therefore highly sensitive to subtle changes in the band structure 5, 6 . A unique platform for its manipulation is provided by transition metal oxide heterostructures, where engineering of emergent electrodynamics becomes possible at atomically sharp interfaces 7, 8 . We demonstrate that the Berry curvature and its corresponding vector potential can be manipulated by interface engineering of the correlated itinerant ferromagnet SrRuO 3 (SRO). Measurements of the AHE reveal the presence of two interface-tunable spinpolarized conduction channels. Using theoretical calculations, we show that the tunability of the AHE at SRO interfaces arises from the competition between two topologically non-trivial bands. Our results demonstrate how reconstructions at oxide interfaces can be used to control emergent electrodynamics on a nanometer-scale, opening new routes towards spintronics and topological electronics.
Geometric phases in condensed matter play a central role in topological transport phenomena such as the quantum, spin and anomalous Hall effect (AHE) [1] [2] [3] [4] [5] . In contrast to the quantum Hall effect-which is characterized by a topological invariant and robust against perturbationsthe AHE depends on the Berry curvature of occupied bands at the Fermi level and is therefore highly sensitive to subtle changes in the band structure 5, 6 . A unique platform for its manipulation is provided by transition metal oxide heterostructures, where engineering of emergent electrodynamics becomes possible at atomically sharp interfaces 7, 8 . We demonstrate that the Berry curvature and its corresponding vector potential can be manipulated by interface engineering of the correlated itinerant ferromagnet SrRuO 3 (SRO). Measurements of the AHE reveal the presence of two interface-tunable spinpolarized conduction channels. Using theoretical calculations, we show that the tunability of the AHE at SRO interfaces arises from the competition between two topologically non-trivial bands. Our results demonstrate how reconstructions at oxide interfaces can be used to control emergent electrodynamics on a nanometer-scale, opening new routes towards spintronics and topological electronics.
In topologically nontrivial band structures, electrons acquire an additional phase factor when their wavefunctions traverse a closed loop in momentum space 1 . Although this concept is now commonly referred to as the Berry phase mechanism, Karplus and Luttinger already demonstrated decades earlier that the anomalous Hall effect-which is prevalent in itinerant ferromagnetsfinds its origins in band topology 4 . In addition to the usual band dispersion contribution, electrons in an electric field E acquire an anomalous velocity:
where E(k) is the dispersion relation and b(k) is the Berry curvature. The latter describes the nontrivial geometry of the band structure and acts as an effective magnetic flux 5 . The anomalous velocity is transverse to the electric field and gives rise to a Hall current, with a sign and magnitude that depend sensitively on the band structure topology. In systems with ferromagnetic order and sizable spin-orbit coupling (SOC), the Berry curvature is strongly enhanced near avoided band crossings which act as a source or sink of the emergent magnetic field 9 . A prototypical system is the transition metal oxide SRO, a 4d itinerant ferromagnet exhibiting an AHE that is well reproduced by first-principles calculations 10 . Its anomalous Hall conductivity depends sensitively on the position of the Fermi level with respect to the avoided band crossings and on the magnetization 5, [10] [11] [12] , forming an ideal platform to be tuned through symmetry breaking at interfaces. A suitable material for this purpose is SrIrO 3 (SIO), a 5d paramagnetic semimetal with strong atomic SOC (∼ 0.4 eV) 13, 14 and excellent structural compatibility with SRO. In this Letter, we investigate the AHE in ultrathin SRO films with (a)symmetric boundary conditions. We show that transport at SRO/SIO and SRO/SrTiO 3 (STO) interfaces occurs through topologically non-trivial bands with opposite Berry curvature. Remarkably, in the tricolor STO/SRO/SIO system the two spin-polarized conduction channels are found to be coexisting.
We first analyse theoretically the properties of ultrathin SRO starting from the Ru-based t 2g electronic structure close to the Fermi level. Our ab-initio derived tight binding calculations show that the Berry curvature of the individual bands is strongly enhanced at avoided band crossings due to next-nearest-neighbor interorbital hopping (Fig. 1a) in the presence of SOC. We first focus on the monolayer SRO system. Its electronic structure can be arranged in two groups of 3 bands with different spinorbital parity. Within each sector, there are two topolog- ically nontrivial bands carrying a Chern number C = ±2, accompanied by a single, trivial band with C = 0, (see Fig. 1b ). The ensuing Berry curvature of the nontrivial bands, which have predominantly d xz and d yz character, is shown in Fig. 1c . We find sharp peaks located at the avoided bands crossings. Since the lowest energy bands in Fig. 1b have a non-trivial Chern number, the Berry curvature contribution of each band cannot vanish and is robust to changes in the Fermi level or, in general, of the corresponding electron occupation. Their splitting and relative occupation leads to a dominance of one of the channels, including sign changes when considering the averaged Berry curvature. A complete compensation is improbable and can only accidentally occur by electronic fine tuning. SOC influences the character of the avoided crossings and causes the bands with opposite Berry curvature and d xz/yz orbital character to have a distinct momentum dependence of the spin polarization, with an opposite sign developing nearby the points of maximal Berry curvature accumulation, as shown in Fig. 1d .
We now investigate SRO films with symmetric boundary conditions, shown in Fig. 1e -g. We consider heterostructures composed of STO/2 u.c. SIO/4 u.c. SRO/2 u.c. SIO/10 u.c. STO and STO/4 u.c. SRO/10 u.c. STO. Strikingly, we find that the sign of the AHE is opposite for SIO/SRO/SIO (Fig. 1e) and STO/SRO/STO (Fig. 1f) heterostructures. This immediately shows that symmetry breaking in ultrathin SRO directly controls the magnitude and sign of its Berry curvature. The magnitude (R AH xy ) as a function of temperature is shown in Fig. 1g . While R AH xy of the STO/SRO/STO is mainly negative and changes sign near the Curie temperature (T C ), R AH xy of the SIO/SRO/SIO remains positive in the entire temperature range. This confirms the expectation that the occupation of the topologically active Ru t 2g bands depends sensitively on the electronic matching at the interface. This behaviour can be qualitatively captured by modeling Ru/Ti and Ru/Ir bilayers, i.e., systems with a RuO 2 monolayer coupled a TiO 2 or IrO 2 monolayer. As shown in Fig. 1h , for small/intermediate amplitude of the Ru magnetization the AH conductivity is negative for the Ru/Ti bilayer while it is positive for the Ru/Ir bilayer. In the former, only the Ru d xz/yz contribute since the STO is electronically inert, while for the latter, the intrinsic Berry curvature sign competition of the Ru topological bands is modified through the hybridization of the Ir/Ru d xz/yz orbitals, and interfacial magnetic canting/reconstructions (see Supplementary Information) .
To study the effect of asymmetric boundary conditions, we now investigate the tricolor STO/SRO/SIO system (Fig. 2) . Given the different trends observed in the symmetric systems, we expect competition in the total R is investigated by high-angle annular dark-field scanning transmission electron microscopy (HAADF-STEM) imaging (Fig 2b) . Chemical analysis by electron energy loss spectroscopy (EELS) shows that the interfaces are atomically sharp and that the thicknesses of both the SRO and SIO layers are 4 u.c. as designed (see Supplementary Information). After quantifying atomic column positions in the HAADF-STEM image using Stat-STEM 15 , a detailed analysis of the atomic positions shows that octahedral tilts are suppressed and both the SRO and SIO are tetragonal rather than orthorhombic as in their bulk form. In addition, we find that the tetragonality (c/a) of the unit cell varies strongly across the SRO and SIO layers (Fig. 2a) . Since the magnetic anisotropy of SRO is known to be very sensitive to strain and tetragonality [16] [17] [18] , this affects the easy axis direction of the different SRO layers and hence the local magnetization of the Ru ions. This is confirmed by SQUID measurements, included in the Supplementary Information, which show that the STO/SRO/SIO has a larger in-plane magnetization than STO/SRO/STO. This indicates that the magnetization of the SRO layers near the SIO interface is canted, which is consistent with the reduction of c/a close to the SIO interface.
The AHE of the STO/SRO/SIO is shown in Fig. 2c . With increasing temperature, the AHE changes sign at the reversal temperature T R = 48 K and peaks appear to be superimposed on the Hall effect, slightly above and below the coercive field (B c ). This is in stark contrast with the AHE of an STO/SRO/STO heterostructure (Fig. 2d) , where the magnitude (R AH xy ) decreases with increasing temperature. The peaks superimposed on the Hall effect are present between 35 and 58 K and reach their maximum amplitude at T R , i.e., when R AH xy appears to be zero. This strongly suggests that their occurrence is intrinsically linked to the sign reversal of the AHE. In the following, we will show that the AHE can be modeled by the superposition of two anomalous Hall components with opposite sign, arising from two spinpolarized conduction channels. We attribute this to a modified band occupation of the SRO layers near the STO and SIO interfaces, giving rise to two conduction channels with a different R AH xy (T ) dependence. Within this picture, T R of the SRO layers near the SIO and STO interfaces no longer coincide, resulting in a temperature window in which R AH xy of the two channels is of opposite sign. This scenario is supported by the observation of a reduced tetragonality at the SRO/SIO interface by HAADF-STEM (see above) and related canted ferromagnetic moment (see Supplementary Information). It is also supported by our theoretical calculations of 2 u.c. STO/4 u.c. SRO/2 u.c. SIO heterostructures, which show that the system can be approximated by two effective electronic channels. This situation arises due to the competition between the intrinsic ferromagnetism of the SRO and the magnetic reconstructions at the interface (see Supplementary Information).
To illustrate the total AHE in this case, we consider a heterostructure with two independent anomalous Hall channels (labeled I and II) with R The measured AHE of the STO/SRO/SIO in Fig. 2c bears a striking resemblance to the curves in Fig. 3a . The ordinary Hall component has been subtracted and the remaining anomalous Hall component (R AH ) is presented in Fig. 3b . As the temperature is increased from 46 K towards 51 K, the behavior of the total AHE evolves from the leftmost scenario in Fig. 3a to the rightmost scenario, with the middle scenario emerging at T R = 48 K. This is consistent with two anomalous Hall contributions of opposite sign, each with a slightly different temperature dependence. We investigate this further by considering a phenomenological model of the AH data with R AH = R AH xy,I tanh ω I (B − B c,I ) + R AH xy,II tanh ω II (B − B c,II ) , where ω is a parameter describing the slope at B c . An excellent agreement is obtained between this model (dashed black lines in Fig. 3b ) and the data, enabling us to extract the individual AH components as a function of temperature (Fig. 3c) . The corresponding R AH xy values are shown in Fig. 3d ; both components show a smooth evolution in temperature, with one disappearing above 58 K (green) and the other below 35 K (purple). At 48 K the two components are equal, leading to the fully compensated case.
In Fig. 3d we illustrate a possible dependence of R AH xy (T ) (dashed lines) at higher and lower temperatures, which suggests that R AH xy and B c of the two channels follow a qualitatively similar temperature dependence, shifted by 23 K. This implies that, for T < 35 K and T > 58 K, R AH xy of the two channels are of the same sign or the positive contribution is below the detection limit of our experiment, rendering the total AHE indistinguishable from that of a single spin-polarized channel (see Supplementary Information). However, it should be noted that any two curves that add up to the total R AH xy are in principle possible. The different B c and T R of the two channels can be attributed to the different anisotropy and magnitude of the interfacial Ru magnetization.
The presence of two channels with different switching field B c provides the possibility to control their relative spin polarizations by choosing the magnetic field span interval B max appropriately. By varying B in the range [0, B max , −B max , 0], the polarization of one channel can be (partially) switched while the other is less affected. This is illustrated in Fig. 4a for different values of B max . The simulations are performed by traversing the individual R AH curves (determined from the data at 45 K) up to B max and summing them to obtain the total R AH . It follows that increasing B max changes the relative magnitudes of R The behavior predicted by the simulations is indeed found in the measurements, which is showcased in Fig. 4d . A difference between the experimental data and the simulations is found at low B max , where an asymmetry is observed in the measured R AH curves. This can be attributed to a degree of interlayer coupling, quantifiable in the order of tens of mT, which reduces the field required to restore the original magnetic state. Given that the channels have the same spin polarization and carrier type, the opposite anomalous Hall voltages indicate that spin-polarized electrons are accumulated on opposite sides of the two channels as sketched in Fig. 4c for B = −0.5 T. Since the two interfaces are separated by a few u.c., overlap between their respective wavefunctions is indeed possible. However, the much larger in-plane hopping parameters found by density functional theory (DFT) (see Supplementary Information) support the effective model of two spin-polarized channels. Within this picture, the system is brought to a metastable state at B max , which microscopically can be viewed as opposite majority spins being accumulated above each other. Such a configuration is energetically unfavorable and the system tends to restore the initial spin distribution, causing the asymmetry observed in the data.
Finally, we compare our results to recent work on SRO thin films and interfaces, where similar anomalous Hall characteristics were observed and attributed to the topological Hall effect due to a skyrmion phase [22] [23] [24] . Within this picture, the topological Hall effect should be enhanced in the SIO/SRO/SIO case due to DzyaloshinskiiMoriya interaction at both interfaces. Instead, we find that this system displays a regular anomalous Hall effect due to the imposition of symmetric boundary conditions. Additionally, in this scenario the skyrmion phase is present around the temperature at which the AHE changes sign, which would be highly coincidental. However, two anomalous Hall components with a shifted R AH xy (T ) dependence naturally produces this temperature window around T R , as there the AHE is of opposite sign. We also show in the Supplementary Information that considering an anomalous and topological Hall contribution results in an unphysical discontinuity of the coercive field, which is not present in our model. Finally, our model can quantitatively describe the behavior of R xy (B), and correctly predicts the behavior when sweeping the magnetic field to values below saturation. Recent work has shown that Ru vacancies can also affect the AHE, but the studied system also presents an asymmetry in the form of dissimilar interfaces and a gradient of octahedral rotations 25 which can explain the observed characteristics.
The atomic-scale control of spin and charge accumulation through Berry phase engineering opens new avenues for spintronic devices and topological electronics. In this respect, transition metal oxides are an ideal platform owing to a delicate interplay between spin, charge and lattice degrees of freedom. Our results establish that oxide interfaces host tunable topological phenomena, thereby providing new perspectives in the field of complex oxides.
METHODS

Sample fabrication
SRO/STO, SRO/SIO/STO, and SIO/SRO/SIO/STO heterostructures were prepared by pulsed laser deposition on TiO 2 -terminated STO(001) substrates (CrysTec GmbH). The films were deposited at 600
• C in an oxygen pressure of 0.1 mbar. The laser fluence was 1.2 J/cm 2 and the repetition rate was 1 Hz. To refill possible oxygen vacancies formed during the growth, the samples were annealed at 550
• C in an oxygen pressure of 300 mbar and cooled down in the same pressure at a rate of 20
• C/min. The growth was monitored by reflection high-energy electron diffraction (RHEED), indicating a layer-by-layer growth mode for the three films.
Structural & magnetotransport characterization
Atomic scale characterization of the lattice structure was performed on an aberration corrected STEM. The FEI Titan 80-300 microscope was operated at 300 kV and the samples were prepared in a vacuum transfer box and analyzed in a Gatan Vacuum transfer holder to avoid any influence of air on the film 26,27 . Collection angles for HAADF imaging, ABF imaging and EELS were 44-190 mrad, 8-17 mrad and 47 mrad, respectively. The interfaces are atomically sharp and the STEM-EELS measurements show that there is no diffusion of Ru and Ti, whereas there is a slight diffusion of Ir into the top RuO 2 layer. The heterostructures were further investigated by synchrotron X-ray diffraction measurements and scanning tunneling microscopy (see Supplementary Information). Hall bars were patterned by e-beam lithography, and the heterostructure was contacted by Ar etching and in-situ deposition of Pd and Au, resulting in low-resistance Ohmic contacts. An STO cap layer was used to impose symmetric boundary conditions and prevent degradation of the SIO layer 28,29 . Transport measurements were performed in a He flow cryostat with a 10 T superconducting magnet and a base temperature of 1.5 K. Measurements in current-bias configuration were performed using lock-in amplifiers and custom-made low noise current sources and voltage amplifiers.
DFT calculations
First-principles DFT calculations were performed using the VASP 30 package based on plane wave basis set and projector augmented wave method 31 . A plane-wave energy cut-off of 500 eV was used. For the treatment of exchange-correlation, the LSDA (local spin density approximation) with the Perdew-Zunger 32 parametrization of the Ceperly-Alder data 33 for the exchange-correlation functional was considered. The choice of LSDA exchange functional is suggested by a recent paper 34 , where it was shown that LSDA is a better approximation than the Generalized Gradient Approximation for bulk SRO and its heterostructures 35, 36 . In our simulations, the STO/SRO/SIO heterostructure was constructed using a lateral supercell of √ 2a × √ 2a, while the phases without rotations were contracted using a lateral supercell of a×a. The in-plane lattice parameter was fixed to that of the STO substrate, while for the out-of-plane lattice parameters we used the experimental values of the single unit cell of SRO and SIO. The hopping parameters were estimated from the electronic structure of the non-magnetic SRO/SIO and SRO/STO interfaces without Coulomb repulsion. After obtaining the Bloch wave functions from DFT, the maximally localized Wannier functions 37, 38 were constructed using the WANNIER90 code 39 . Starting from an initial projection of atomic d-basis functions belonging to the t 2g manifold and centered on metal sites, we obtained the t 2g -like Wannier functions. To extract the hopping parameters from the electronic bands at low energies, we used the Slater-Koster interpolation as implemented in WANNIER90. This approach is applied to determine the real space Hamiltonian matrix elements in the t 2g -like Wannier function basis for the SRO/SIO and SRO/STO interfaces.
Data availability
The data that support the findings of this study are available from the corresponding authors upon reasonable request. 
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The authors declare no competing financial interests. In Fig. S1 we present the structural and magnetic characterization of our films using various methods. Figure S1a shows the RHEED intensity during the growth of a 4/4/10 u.c. SRO/SIO/STO heterostructure on a TiO 2 -terminated STO(001) substrate. The clear intensity oscillations indicate that all three layers grow in layer-by-layer mode, and the strong initial oscillation during the SRO growth can be attributed to a change in surface termination from TiO 2 to SrO. 
C. Determination of lattice parameters and octahedral tilt angles
The in-and out-of-plane lattice parameters of the STO/SRO/SIO heterostructure (used to calculate the tetragonality in Fig. 2a of the main text) were determined by extracting the atomic positions from the HAADF-STEM image. StatSTEM was used to model the image as a superposition of Gaussian peaks using statistical parameter estimation theory [1] , which takes into account the overlap of neighbouring intensities. The tetragonality is then determined by dividing the outof-plane (c) over the in-plane (a) lattice parameter of each unit cell. These measurements are averaged row-by-row and the corresponding errors are calculated.
The ABF image of the heterostructure is shown in Fig. S3a . Analysis of the oxygen positions show that there are no octahedral tilts across the heterostructure and that the films are in a tetragonal state (see Fig. S3b ). The octahedral tilt was determined in the same manner as in Refs. [2, 3] . The final profile (Fig. S3b) shows the averaged octahedral tilt row-by-row. The presented errors are the errors on these mean values. Figure S5a shows R AH xy of both samples in the range 1.5 K ≤ T ≤ 120 K. When there is a clear hysteresis loop, R AH xy can be determined from the difference between the forward and backward traces at B = 0 T. At higher temperatures, the switching of the magnetization becomes less abrupt, making it difficult to separate the ordinary and anomalous Hall components and accurately determine R AH xy . Therefore, for the STO/SRO/SIO heterostructure the R AH xy values were determined with an associated uncertainty range for T ≥ 57.5 K (see Figs. S5b and c) . Due to the higher T C and larger coercive field of the STO/SRO/STO, an estimation of the uncertainty was only required for T ≥ 110 K. 
B. Determination of the coercive field
B c can be determined from the AHE by finding the first zero-crossing of R xy for B > 0. This procedure is shown in Fig. S6a for the AHE of the STO/SRO/SIO heterostructure around T R . The extracted B c values are plotted versus temperature in Fig. S6b (left) , which reveals an unphysical discontinuity occurring at T R . The coercive fields determined from the fits with two anomalous Hall components (right) show a continuous behaviour as a function of temperature, which lends strong support to the presence of two anomalous Hall channels. Notably, the carrier density (Fig. S6c) determined from the ordinary Hall component does not show an anomaly around T R . 
C. Extrapolation of the anomalous Hall components in temperature
In Fig. S7 we investigate the anomalous Hall effect outside of the temperature window where R AH xy is of opposite sign (35 K ≤ T < 58 K). Based on the extrapolation of the data in Fig S7a, we expect R AH xy of both channels to be negative for T < 35 K and positive for T > 58 K. We elucidate this hypothesis in Fig. S7b by summing the extrapolated loops (green and purple) , assuming extrapolated values for B c at 30 and 60 K from Fig. S6a . The result of the summation (orange) is shown in the panel below, and is compared to a single-loop fit of the data (black lines) in Figs. S7c and d. Due to (i) the slight difference in B c , (ii) the considerable slope at B c and (iii) the fact that R AH xy of one channel is always much smaller than the other, the difference is extremely subtle. This implies that, outside the discussed temperature window, it is nearly impossible to distinguish the two components from the AHE measurements. 
D. Partial switching of the spin polarization
In Fig. S8 we present additional measurements on the partial switching of the spin polarization of the two channels. Figure S8a shows simulated and measured R AH curves similar to those in Fig. 4c . However, in this case the measurement starts from the bottom branch (opposite spin polarization) and is traversed in the opposite direction (in the range [0, −B max , B max , 0]). As expected, the measurements are mirrored with respect to those with opposite spin polarization. In Fig. S8c we show that the offset of the center of the hysteresis loop is in the opposite direction. The shift of the loop is about 37 mT at 45 K (see Fig. S8b ). At higher B max , the shift of the center of the loop becomes smaller, which can be understood by the partial switching of polarization of the layer with larger B c (see Fig. S8d ). 
E. Variation of the SIO thickness
In Fig. S9a , we show the sheet resistance versus temperature for an STO/SRO/SRO heterostructure, as well as a number of heterostructures with different SIO layer thicknesses. We find that increasing the number of SIO layers lowers the resistance, indicating that the SIO layer acts as a parallel resistor. However, the sign reversal of the anomalous Hall effect (Fig. S9b) does not appear to depend on the number of SIO layers, indicating that the properties of the SRO are affected by the interfacial SIO layer. In addition, the residual resistance ratio (RRR = R 300 K /R 1.5 K ) is the same for all STO/SRO/SIO heterostructures and lowered with respect to the STO/SRO/STO. 
III. DENSITY FUNCTIONAL THEORY CALCULATIONS A. Computational details
Atomic relaxation was performed for all the considered systems. The internal degrees of freedom were optimized by minimizing the total energy to be less than 10 −5 eV and the remaining forces to be less than 10 meVÅ −1 . A 6 × 6 × 1 k-point centered in Γ was used for the calculation of the heterostructure, while a 10 × 10 × 8 was used for the phases without rotations. We used a 8 × 8 × 1 k-point grid for the calculation of the density of states (DOS). For the estimate of the D/J ratio, a 2a × 2a × 2c supercell and an 8 × 8 × 8 k-point grid were used.
The Hubbard U effects on the Ru and Ir sites were included within the LSDA+U approach using the rotational invariant scheme [4] . In the study of the STO/SRO/SIO heterostructure, a small value of U = 0.2 eV on the Ru site was used to understand the qualitative behaviour of the magnetic profile, while a larger value of U = 1.4 eV for the Ru and U = 1.2 eV for the Ir was used in the non-collinear calculations to get numerical stability in the calculation of the Dzyaloshinskii-Moriya interactions. The Hund's coupling J H was always set equal to 0.15U .
B. DFT study of the STO/SRO/SIO heterostructure in a collinear approximation DFT calculations were performed for the STO/SRO/SIO heterostructure. There are two different interfacial layers within the SRO: the SRO layer interfaced with STO and the SRO layer interfaced with SIO. We will show that the inner layers, the STO interfacial layer and the SIO interfacial layer have different properties; however, no major qualitative changes are observed in the heterostructure with respect to the bulk since the magnetic order, the structural phase and the DOS are barely affected.
From the structural point of view, SRO and SIO belong to the same space group. However, epitaxial constraint can induce different octahedral tilts and distortions with respect to the bulk. In this case, this results in a complete suppression of octahedral rotations as shown in Fig. S3b .
When a large value of the Coulomb repulsion is used, the magnetic moment saturates and tends to be similar throughout the heterostructure. When an intermediate value of the Coulomb repulsion is used, the magnetic profile (Fig. S10, right panel) shows that the interfacial layers present a magnetic proximity effect. This results in a reduction of the Ru magnetic moment of the interfacial layers as observed in other ruthenate systems. The magnetic moments of the STO and SIO interfacial layers are similar. However, in the real heterostructure, the diffusion of the Ir atoms in the Ru layers can further reduce the Curie temperature and the magnetic moment of the SIO interfacial layers.
The two interfacial layers display different peculiarities from the electronic point of view. Our calculations show that the interfacial STO layer presents a bandwidth reduction due to the decrease in connectivity [5, 6] while the interfacial SIO layer induces large spin-orbit coupling. The layer projected DOS does not show sufficiently strong modifications at the Fermi level to induce a weakening of the Stoner ferromagnetism, which happens when the Ru states are localized [7] . Despite the absence of qualitative changes, many quantitative changes are observed, and the anomalous Hall conductivity strongly depends on the way in which these changes influence the band structure.
C. Non-collinear study of the STO/SRO/SIO heterostructures
To determine the magnitude of the D/J ratio at the interface, we performed non-collinear calculations. We first focus on the strength of the magnetism shown in Fig. S11 . First-principles calculations show that the SRO n /SIO 6−n system is metallic and ferromagnetic for all values of n. The ferromagnetism is weakened in the ultrathin limit, but for 4-5 monolayers (n = 4, 5) the energy difference of the superlattice tends to the value for bulk SRO. The energy difference per Ru atom depends on the connectivity and the magnetic exchange J, while the energy difference per Ru-Ru bond is proportional to the average of J. The energy difference per Ru atom at n = 1 is almost half of the bulk value, while the energy difference per Ru-Ru bond is circa 20% smaller than the bulk value.
Using the symmetry analysis reported in literature for perovskites [8] , we observe that there are two inequivalent DM vectors in bulk SRO: D c is the DM vector between two Ru atoms on different planes, while D ab is the DM vector between two Ru atoms lying on the same plane. From our non-collinear calculations for the SRO bulk we obtain: [9] . Since the D/J ratio does not reach 0.3 for this system, the increase will be not large enough to determine a magnetic phase change from ferromagnetism to skyrmions. 
IV. ELECTRONIC PROPERTIES OF THE SRO/STO AND SRO/SIO INTERFACES
We study the electronic properties of the SRO/SIO and SRO/STO interfaces in the tetragonal phase without octahedral rotations. Using the Wannier function method [10] , we determine the effective hopping parameters for the t 2g manifold of the transition metal atoms.
A. Tight-binding model for the superlattice without octahedral distortions
A tight-binding model is derived including the nearest-neighbor (NN) and next-nearest-neighbor (NNN) hopping terms without the inclusion of SOC; the latter, however, will be included afterwards in the Hall conductivity calculation. We restrict our analysis to the effective d-bands of the transition metal (M) atoms. We simulate a bulk system with 2 metal atoms in the unit cell, but we write the tight-binding model for a bilayer without performing the Fourier transform along k z . We label the two atoms of the bilayer as 1 and 2. The Hamiltonian in matrix form of the bilayer iŝ
Each submatrix is a sum of the different hopping related to the energy on site, NN and NNN as
, where
xy,xy cos k x a + 2t 010 xy,xy cos k y a 0 0 0 2t 100 xz,xz cos k x a + 2t 010 xz,xz cos k y a 0 0 0 2t 100 yz,yz cos k x a + 2t 010 yz,yz cos k y a 
The breaking of inversion symmetry along z (BISz) gives rise to spin-independent hopping terms that mix xy and γz orbitals also for the NN. These new types of hopping are responsible for the Rashba effect [11] . For the purposes of our present analysis such terms are negligible, being of the order of few meV and modifying the band structure far (0.5 eV) above the Fermi level. The band structure of the tetragonal SRO/SIO system is presented in Fig. S12 . The total bandwidth is 3.8 eV and the states around the Fermi level are predominantly Ru and Ir t 2g states. The band structure agrees with the reported band structure of tetragonal ruthenates and the hopping parameters are quantitatively similar to those previously reported for the ruthenates [12] .
We list the hopping parameters between Wannier functions (WF) of the same species in Table I and between the two different species in Table II. In the tetragonal case there is no first neighbour hopping between different orbitals. Non-diagonal hoppings can be activated by the octahedral rotations. From the on-site energy, we can see that the crystal field splitting of the Ru has opposite sign with respect to the Ir, while the on-site energy is similar for all the considered orbitals. The Ru and Ir hoppings are quite similar and one can separate the hopping parameters in 4 groups. The NN π-hoppings are between −381 and −318 meV. The NN δ-hoppings are between −27 and −25 meV. For the NNN case, we find a mixing of σ, π and δ bonds. The NNN hopping parameters with mainly σ-component are between −139 and −125 meV. Other NNN hopping are between 13 and 21 meV. Octahedral rotations would strongly decrease the hopping parameters, reducing the bandwidth [12] and increasing the magnetic properties, but would be qualitatively different. We note that the second neighbour hopping between xz(Ir)-yz(Ir) is 21 meV along the (110) direction, while the hopping between xz(Ru) and yz(Ru) is 17 meV. We will show below that these terms are crucial for the topological properties of the system.
The two main differences of the t 2g Ti states with respect to the Ru states are their position of circa 3 eV above the t 2g Ru states and a smaller size of the hopping due to the reduced atomic radius of the Ti. At odds with the previous case, the Ru and Ti bands are well separated in energy as shown in Fig. S12 , while in the SRO/SIO superlattice there is a strong mixing between the d-states of the different atoms. We list the hopping parameters between the same species in Table III and between the two different species in Table IV . We observe that the xz(Ti)-yz(Ti) along (110) To estimate the Berry curvature, we determine the amplitude of the hopping parameters of the t 2g electrons in the tetragonal phase without octahedral distortions for the SRO/SIO and SRO/STO superlattices. From the electronic point of view, the SRO at the STO interface shows an increased electronic localization compared to the inner layers, while the SIO interface layer shows a large SOC. The low-energy electronic structure is constructed on the t 2g bands of the Ru, Ir, and Ti atoms and the orbital-dependent connectivity matrix between first and second nearest neighbors is taken from the ab-initio calculations. In order to single-out the electronic terms which can be relevant for getting a non-trivial Berry curvature we consider a model system composed of Ru/Ru, Ru/Ir and Ru/Ti bilayers. The bilayer model is able to capture the differences between the electronic behavior of the SRO/SIO interface, the SRO/STO as well as in the inner layers of the ferromagnetic SRO. Such basic configurations can effectively mimic the electronic behavior of the inner layers of the SRO, and of the SRO/SIO and SRO/STO interfaces. The ferromagnetic state is simulated by adding an intra-orbital interaction that can lead to a net magnetization along the z-axis. We can capture the main features of the Berry phase while neglecting the octahedral distortions, and the results are not sensitive to a change of the easy axis of the magnetization.
The intrinsic contribution to the anomalous Hall conductivity is dependent only on the topological properties of band structure of the crystal through the Berry curvature of the Bloch bands as:
where d is the system dimensionality, ε ijl is the Levi-Civita tensor, a n (k) is the Berry connection a n (k) = i n k |∇ k |n k , and Ω n (k) is the Berry-phase curvature, Ω n (k) = ∇ × a n (k), corresponding to the eigenstate |n k . The Berry curvature is then computed from the eigenstates |n k for each band assuming a sufficiently fine mesh in the Brillouin zone [13] . The agreement with experiments is good at low magnetization while at intermediate/high magnetization the effects of the octahedral rotations of bulk SRO should be taken in account to have an agreement [14] .
B. Symmetry analysis and Berry curvature for the SRO single layer
The results can be understood by considering the symmetry properties of the t 2g electronic structure for a SRO single layer in more detail (see Fig. S13 ). Apart from the spatial symmetries, the examined quantum problem has an important internal symmetry, i.e., spin-orbital parity. The spin and orbital terms in the Hamiltonian are such that the parity of the sum of the quantum numbers associated with the projections of the orbital L = 1 and spin S = 1/2 angular momenta is conserved. Without an external field or intrinsic magnetization, the parity is conserved for any direction in the spin-orbital space, thus leading to a Kramers degeneracy. In the presence of a source of time reversal symmetry breaking, one can still employ the spin-orbital parity with the constraint of selecting only the direction of the external field or intrinsic magnetization. Hence, starting from the six local states (i.e., 3 orbitals and 2 spin configurations for each transition metal element) and employing the spin-orbital parity symmetry, one can separate the Hamiltonian at any given k of the Brillouin zone into 3 × 3 blocks. The basis of the positive-parity sector is spanned by the 3 spin-orbital states |σ z , L z ; | ↓, +1 , | ↓, −1 and | ↑, 0 . Within this representation, the electronic structure can be investigated separately in each sector. The key finding here is that the Berry connection for the bands in each parity sector is non-trivial and its integrated value yields a non vanishing Chern number C. In particular, from an inspection of the three bands forming each parity block, two bands with d xz , d yz character have C=±2 and another one with mainly d xy nature having C = 0. The sum of the Chern numbers in each parity sector is zero as expected by symmetry arguments. Furthermore, the Berry curvature within the other spin-orbital parity sector has opposite signs and the same distribution of Chern numbers ±2, 0. Thus, in the absence of an external field or intrinsic magnetization the bands with opposite Chern numbers fall on top of each other and become trivial. A representative case of topologically non-trivial bands is reported in Figs. S14(a-c) showing Berry curvature profiles Ω n (k) for n = 1, 2, 3 within positive parity sector. Plots (a) and (b) with sharp peaks correspond to bands with nonvanishing Chern numbers whereas plot (c) refers to the trivial band, which can however still contribute to the total anomalous Hall conductivity. The inspection of the Hamiltonian structure indicates that the inter-orbital next nearest-neighbor hopping t 110 xz,yz is a crucial parameter to drive a topological transition with a Berry curvature having non-zero Chern number for the tangled bands in each parity sector. Its role is both to open the indirect gap between the topologically non-trivial bands, roughly at the positions of the peaks in Figs. S14(a-b) , and to break remaining orbital time-reversal symmetry in the fixed parity sectors. It was shown that this kind of term can produce AHC in e g partially-filled transition metal perovskites [15] . The topological non-triviality of the bands in the parity sectors is related with a sign change of their spin polarizations σ z n ≡ n k |σ z |n k . Figs. S14(d-f) show the profiles of σ z n for n = 1, 2, 3 bands within the topological regime. It is notable that these polarizations interpolate between two extreme values of σ z = ±1 as one moves across the Brillouin zone. This effect does not occur in the trivial regime, which implies that the band inversion leading to topological non-triviality is tied to the sign change of the spin-polarization and, since the orbital state is locked with the spin in the fixed parity sector, the sign change also occurs in the orbital space. Hence, the observed topological states are triggered by the spin-orbital fluctuations and the main control parameter driving the topological phase transition is the value of the external field or intrinsic magnetization. Indeed, one finds that if its magnitude is more than twice as large as the in-plane hopping amplitudes, then the spin mixing shown in Figs. S14(d-f) vanishes and the bands become trivial.
Moreover, it is the band spin-polarization that leads to a splitting of the parity sectors such that no cancellation between the opposite parity blocks occur. Then, since we are dealing with a ferromagnetic metallic system and each parity sector is partially filled, we point out that a complete cancellation for the Berry curvature associated to the occupied bands can be only accidental. The occupation of the two active bands in each parity sector and the related effects from the spin-splitting between them, due to the magnetization, are the key mechanisms for decoding the different orbital and spin channels in the anomalous Hall conductivity. Due to the intrinsic topological behavior of the spin-orbital entangled bands, the contribution of the Berry curvature to the conductivity is weakly dependent on the details of the electronic structure as far as there are no band crossings in each parity sector or symmetry breaking effects.
The proximity to an inequivalent layer with non-magnetic Ti or Ir t 2g bands close to the Fermi level does not alter the topological behavior of the Ru bands but rather influences their relative occupation number. In particular, since Ti is in a d 0 configuration, the hybridization of the Ru/Ti bands is negligible as well as the magnetic proximity. This implies that the Ti layer is not active until a value for the Ru magnetization is reached that allows the minority spin electrons to leak into the Ti bands. In that regime, one can drive again a sign change in the conductivity. The Ru/Ru and Ru/Ir systems are more complex due to the interference of topological non-trivial bands which can fully contribute to the Berry curvature. This is always the case for the Ru/Ru bilayer, while it is activated by the magnetic proximity for the Ru/Ir bilayer. The different weights of the topologically active t 2g bands can account for the inequivalent behavior of the conductivity.
C. Anomalous Hall conductivity of the bilayer systems
The anomalous Hall conductivity for the Ru/Ir, Ru/Ru, and Ru/Ti bilayers, presented in Fig. 1h , is remarkably different in the low-to-intermediate magnetization regime, being positive for Ru/Ir, negative for the Ru/Ti and changing sign (positive-to-negative) for the Ru/Ru bilayer. This result provides the first indications of the intrinsic competition which can manifest in the AH conductivity when comparing the STO-SRO-STO and SIO-SRO-SIO heterostructures. One can immediately observe that the contribution of the SIO to the AH conductivity, due to the induced magnetic moment of the SRO into the SIO, is positive for any amplitude of the Ru magnetic moment. The Ir/Ru mixing of the electronic states at the interface is thus able to completely counterbalance the negative AH conductivity arising uniquely from the two-dimensional Ru bands since they are decoupled from the Ti states for the Ru/Ti interface. Here, it is worth pointing out that, while the electronic structure of the SIO at the interface has the same topological character as that in the SRO, there are significant differences in the spectra emerging from the (i) amplitude of the magnetization in the SIO layers, (ii) the filling of the t 2 g bands, and (iii) the larger spin-orbit coupling of Ir compared to Ru. At this stage, one would then qualitatively conclude that the Ru bands at the interface are more prone to provide an overall negative AH contribution while the presence of the Ir states can turn the AH conductivity from negative to positive. Here, the regime of small magnetization is physically relevant at the interface where the ferromagnetic moment is expected to be reduced with respect to the inner layers as also demonstrated by the ab-initio simulations. On the other hand, the Ru/Ru bilayer exhibits a positive-to-negative sign change when moving from a small to intermediate magnetization regime.
To study the Berry curvature of our multilayer system, we consider heterostructures of the type STO(k)/ SRO(n)/STO(m) and STO(k)/SRO(n)/SIO(m), where the number of layers is k = 2, m = 2 and n = 4 (see Fig. S15a ). The analysis is based on an effective model Hamiltonian that captures the electronic behavior close to the Fermi level in the inner layers of the SRO and at the STO and SIO interfaces. The electronic parameters for the t 2g bands are provided by the DFT analysis as implemented in the bilayer calculation. To assess the role of an inhomogeneous magnetization profile, we simulated different layer-dependent magnetic configurations. Such a profile is consistent with the expectation of a different magnetocrystalline anisotropy at the STO/SRO and SRO/SIO interfaces due to the inequivalent tetragonal distortions and variation of the spin-orbit coupling strength. Taking into account the input from the DFT, we assume that the magnetization of the SRO is largest in the inner layers and decreases at the STO and SIO interfaces. Due to the weak tetragonal distortions, we assume that the magnetization is orbital-independent. Since the c-axis is the easy-axis direction for the SRO magnetization, we take this configuration as the most favorable and consider distinct layer dependences of the magnetization amplitude for the whole heterostructure. To simulate the temperature dependence of the AHE in the ferromagnetic phase, the thermal magnetization in each layer is described by the Stoner model for itinerant ferromagnets as
, where M 0 is the magnetization at zero temperature and T C the Curie temperature.
While there is no significant magnetic reconstruction at the STO/SRO interface, the SRO/SIO interface can exhibit various types of magnetic reconstructions with a small induced Ir magnetic moment. In order to evaluate how this influences the Berry curvature and the anomalous Hall effect, we have explored the possibility of (i) nonmagnetic SIO, (ii) a collinear ferromagnetic proximity effect in the interfacial SIO layers, (iii) a reorientation of the magnetic moments in the interfacial SIO layers with a magnetization component lying in the ab plane, and (iv) the combination of (ii) and (iii) with an effective canting of the magnetization in the interfacial SRO layers due to the combination of c-axis and a-axis spin polarizations. We note that increasing the thickness of the SRO subsystem restores the sign change of the AH conductivity because the weight of the interfacial layer is reduced with respect to that of the inner SRO layers.
The main outcomes are reported in Figs. S15 and S16. We first consider the STO/SRO/STO heterostructure. Figure S15b shows that the AHE has an intrinsic tendency to change sign as a function of temperature. We also find that changing the amplitude of the magnetization leads to a shift of the effective temperature below which the AHE changes sign. This indicates that there are different electronic channels with opposite Berry curvatures, with weights dependent on the strength of the magnetization. Small magnetizations are associated with a positive AHE, while a large amplitude of the Ru moments can drive a sign change of the AH conductivity.
In the STO/SRO/SIO system [ Fig. S15(c) ], the contribution from the SIO/SRO interface tends to oppose to the sign change of the SRO system. The asymmetric system displays a sign change for M 0 ≥ 1.4 µ B (green and blue curves). For smaller M 0 , the SIO contribution tends to keep σ xy positive in the entire temperature range (red curve). This trend is consistent with the bilayer description.
We now investigate the evolution of σ xy in the presence of a induced magnetization on the Ir site, as shown in Fig. S16(a) . We first consider that a small, collinear Ir magnetic moment is induced in the SIO layers close to the interface due to the ferromagnetic proximity effect. In this case, the AHE displays a clear sign change for M 0 ≥ 1.4 µ B . Otherwise, the SIO contribution leads to a dominant positive sign of the conductivity (red curve).
Finally, we investigate the possibility of having an in-plane component due to interface-driven magnetic anisotropy. In Fig. S16b , we show the AH conductivity with (b) the SIO magnetization parallel to x-axis, and (c) with a coexistence of out-of-plane and in-plane magnetic moments close to the SRO/SIO interface. The overall behavior is that the sign change is generally observed when M 0 is sufficiently large. For smaller Ru magnetic moments, the presence of an in-plane component at the interface tends to enhance the conductivity at low temperature (red curve in Fig. S16b ). The addition of an out-of-plane magnetic component at the interface tends to shift the conductivity towards negative values.
